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Teleportation via generalized measurements, and conclusive teleportation
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In this work we show that teleportation [1] is a special case
of a generalized Einstein, Podolsky, Rosen (EPR) non-locality.
Based on the connection between teleportation and general-
ized measurements we define conclusive teleportation. We
show that perfect conclusive teleportation can be obtained
with any pure entangled state, and it can be arbitrarily ap-
proached with a particular mixed state.
KEYWORDS: Quantum information processing, Entan-
glement, Teleportation, Nonlocality, Generalized mea-
surements, Conclusive teleportation, Distillation;
I. INTRODUCTION
Quantum information processing (QIP) [2–9] discusses
information processing in which the basic units are two-
level quantum systems (e.g., spin-half particles, the po-
larization of individual photons, etc.) known as quan-
tum bits or shortly, qubits. The classical states, 0 and
1, of a classical bit are generalized to quantum states of
a qubit, |0〉 ≡ (1
0
)
and |1〉 ≡ (0
1
)
. The nonclassical as-
pect of a qubit is that it can also be in a superposition
|φ〉 = α|0〉 + β|1〉 = (αβ), with |α2| + |β2| = 1, and two
or more qubits can be in a superposition which cannot
be written as tensor product, and is known as an en-
tangled state. The special properties of entangled states
were first noted by Einstein-Podolsky-Rosen (EPR) [10],
and a proof for the special nonclassicality was first ob-
tained by Bell [11]. The EPR-Bohm singlet state, |Ψ−〉 =
(1/
√
2)[|01〉−|10〉], of pair of qubits is the most important
example of entanglement. [We prefer, for simplicity, to
use these “braket” notations for two-particle states while
using vector notations for one-particle states.] The sin-
glet state can be complimented to a basis [12] (known
now as the “Bell basis”) by adding the three states
|Ψ+〉 = (1/√2)[|01〉 + |10〉], |Φ−〉 = (1/√2)[|00〉 − |11〉],
|Φ+〉 = (1/√2)[|00〉+ |11〉], the Bell-states (or the Braun-
stein, Mann, Revzen (BMR) states). We shall usually re-
fer here to two qubits in any one of the Bell-BMR states
as an EPR-pair, and to the EPR-Bohm state as the sin-
glet state. Entanglement—the quantum feature visual-
ized by such states—is an origin of fascinating quantum
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phenomena in quantum information theory: quantum
computation [13–15,8,16], entanglement-based quantum
cryptography [17,18], quantum error correction [19–24],
and more.
One of the most fascinating discoveries is quantum tele-
portation [1] which lies in the heart of quantum informa-
tion theory (see [9,25]), and has been recently realized ex-
perimentally [26]. Quantum teleportation is a process of
transmission of an unknown quantum state |φ〉 = (αβ) via
a previously shared EPR pair with the help of only two
classical bits transmitted via a classical channel (usually
visualized by phone): Alice (the sender) has a qubit in
an unknown quantum state which she wishes to transmit
to Bob (the receiver) using additional EPR pair shared
by her and Bob. To do this she performs joint measure-
ment on the two particles which are in her hands, then
she sends (via phone) her two-bit result to Bob, who
performs some unitary operation on his particle “trans-
forming” his particle to the (still unknown) original state
|φ〉. The initial state of Alice’s unknown state, and the
EPR-pair (say, in a singlet state) is
(
α
β
)|Ψ−〉. The tele-
portation is based on the fact that this initial state can
also be written as [1]:
|Ψ123〉 =
(
α
β
)
1
|Ψ−23〉 =
1
2
[
|Φ+12〉
(−β
α
)
3
+ |Φ−12〉
(
β
α
)
3
+
|Ψ+12〉
(−α
β
)
3
+ |Ψ−12〉
(−α
−β
)
3
]
, (1)
where we add the particle’s numbers to avoid confusion.
A Bell measurement at Alice’s site projects the state of
Bob’s particle, to be in one of the states
(−β
α
)
;
(
β
α
)
;
(−α
β
)
;
(
α
β
)
, (2)
depending on Alice’s outcome. Using the appropriate
rotation,
(
0 1
−1 0
)
;
(
0 1
1 0
)
;
( −1 0
0 1
)
; or
(
1 0
0 1
)
, (3)
respectively, each of these states can be rotated back to
yield the unknown state |φ〉. Bob chooses the correct
rotation based on the two bits he receives from Alice.
The minimal resources required for teleportation are
one EPR singlet pair, which clearly, is independent of
|φ〉, and two classical bits. This seems to be rather mys-
terious because (i) the particle is described by a point on
a unit sphere, hence by two real numbers and not by two
bits, (ii) as one can check, even from those two classical
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bits neither Alice nor Bob can learn anything about the
unknown parameters of the state |φ〉.
The alternative approach presented in this paper some-
what clarifies the mystery. Namely, we interpret the tele-
portation in the light of the paper of Hughston, Jozsa and
Wootters (HJW) [27], and we present the teleportation
process as a unique case of generalized EPR-nonlocality
(we use the language of generalized measurement to ex-
press the ideas of [27]).
A positive operator valued measure (POVM) pro-
vides the most general physically realizable measurement
in quantum mechanics [28,5–7], and we also call these
measurements “generalized measurements”. Formally,
a POVM is a collection of positive operators Ai on a
Hilbert space Hn of dimension n which sum up to the
identity, A1 + . . .+ Ar = In. [When viewed as matrices,
these are matrices which can be diagonalized and have
only non-negative eigenvalues.] Standard measurements
(which are usually described by some Hermitian opera-
tor in quantum mechanics books) arise as a special case
where Ai = |ψi〉〈ψi| and AiAj = δij . We discuss here
only pure POVMs in which each of the Ai is proportional
to a projection Ai = qi|ψi〉〈ψi|, but the operators Ai are
not necessarily orthogonal to each other, so that r ≥ n.
Any POVM can be implemented (at least in principle)
by adding an ancilla in a known state, and performing a
standard measurement in the enlarged Hilbert space [7].
To describe the EPR-nonlocality and its generaliza-
tion, let us first define the notion of ρ-ensembles [27].
An ensemble of quantum state is defined by a collection
of normalized states |ψ1〉, . . . , |ψm〉 taken with a-priori
probabilities p1, . . . , pm respectively. To any such ensem-
ble one can associate its density matrix:
ρ =
m∑
i=1
pi|ψi〉〈ψi| , (4)
and the term ρ-ensemble refers to an ensemble with a
density matrix ρ. For instance, for the completely mixed
state in 2-dimensions, ρ = I/2, the following are all le-
gitimate I
2
-ensembles:
E1 = {|ψ1〉 =
(
1
0
)
, |ψ2〉 =
(
0
1
)
; p1 = p2 = 1/2}
E2 = {|ψ1〉 =
(
1/
√
2
1/
√
2
)
, |ψ2〉 =
(
1/
√
2
−1/√2
)
; p1 = p2 = 1/2}
E3 = {|ψ1〉 =
(
1
0
)
, |ψ2〉 =
(
0
1
)
, |ψ3〉 =
(
1/
√
2
1/
√
2
)
,
|ψ4〉 =
(
1/
√
2
−1/√2
)
; pi = 1/4 , 1 ≤ i ≤ 4}
E4 = {|ψ1〉 =
(
α
β
)
, |ψ2〉 =
(
α
−β
)
, |ψ3〉 =
(
β
α
)
,
|ψ4〉 =
(
β
−α
)
; pi = 1/4 , 1 ≤ i ≤ 4} . (5)
When a classical system is subjected to a measurement
of any of its properties a definite outcome exists (at least
in principle). However, when a quantum particle (say a
qubit) is in a state which is well defined in one bases,
say
(
1
0
)
in the rectilinear basis
(
1
0
)
;
(
0
1
)
, the state is un-
defined in any other basis, and a measurement, say, in
the diagonal basis
( 1/√2
±1/√2
)
, does not have a definite out-
come which can be predicted, and only the probabilities
(of the possible outcomes) can be calculated. This is the
well known uncertainty principle.
The EPR paradox [10] is as follows: If Alice and Bob
share a singlet state, the state of Bob’s particle is unde-
fined (if we trace-out Alice’s particle, then Bob’s particle
is in a completely mixed state I/2, but without tracing
out Alice’s particle, the state of Bob’s particle by itself
is not defined). However, if Alice measures in any ba-
sis she chooses to, say the rectilinear or the diagonal,
she fully “learns” the state of Bob’s particle. Assuming
that a quantum state is “real” (as the state of a classical
object) and assuming that the state cannot be changed
instantaneously (immediately after Alice’s measurement)
when Alice and Bob are far apart, EPR concluded that
the state of Bob’s particle must have been previously de-
fined in both bases, in contradiction with the uncertainty
principle. They further concluded that this is a paradox
(the EPR paradox) and thus that quantum mechanics
is incomplete. Today we know, due to [11], that indeed
quantum mechanics is not described by a realistic-local
model, and thus the EPR-paradox is resolved.
We refer to the following fact as the EPR nonlocality:
the state of Bob’s particle, previously undefined, become
completely specified by Alice nonlocal operation. Thus,
the EPR nonlocality is not a nonlocality in the sense
of [11], but the profound feature which allows to “cre-
ate” quantum states from different ensembles as it was
discussed in the original EPR analysis.
Using the language of ρ-ensembles, the EPR nonlo-
cality is described as follows: Alice can choose whether
Bob’s state will be in a ρ-ensemble E1 or E2 by choosing
an appropriate measurement on her member of the EPR
pair. Thus, while Bob holds the mixed state ρ, Alice has
an additional information regarding his state.
The EPR nonlocality is further generalized by HJW
in [27], by allowing Alice to perform generalized mea-
surements (POVMs), hence enabling her to create any
ρ-ensemble in Bob’s site, and also knowing precisely the
state he has. Note that she cannot chose ρ, and also she
cannot chose the resulting state in Bob’s hands, but she
can choose the ρ ensemble, and learn the state. Gener-
ating ρ-ensembles at a distance is the generalization of
the EPR nonlocality in which only standard (projection)
measurements are used. We shall refer to this generalized
EPR nonlocality as the EPR-HJW nonlocality.
In particular Alice can create the ρ-ensemble E4, and
we shall show in Section III, that creating this ensemble
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corresponds to the teleportation process, once we add the
transmission of classical information from Alice to Bob
(she transmits the outcome of her measurement). Thus,
teleportation is a special case of generating ρ-ensembles
at a distance, when Alice uses a special POVM and where
the operations done by Alice and Bob are independent
of the parameters of the (unknown) state. We call this
view of the teleportation process “telePOVM” (see the
acknowledgement), or teleportation via generalized mea-
surements.
The next natural step is to use this approach to gen-
eralize the concept of teleportation, by removing the de-
mand that the transmitted state can always be recovered.
In Section IV, we define the concept of conclusive tele-
portation. The term “conclusive” is taken from quantum
information theory, when one asks the following question
(see, for instance, [7]): what is the optimal mutual infor-
mation which can be extracted from two nonorthogonal
quantum states each sent with probability half? One can
obtain a definite (correct) answer (regarding the given
state) sometimes for the price of knowing nothing in other
occasions [7]. Here we adapt this term presenting the
conclusive teleportation in which the teleportation pro-
cess is sometimes successful, and the sender knows if it
is successful or not. When Alice and Bob use an entan-
gled pure state which is not fully entangled the conclusive
teleportation scheme allows them to teleport a quantum
state with fidelity one. This is done for the price of oc-
casional failures, and the sender knows whether it is suc-
cessful or it is not. For many purposes (e.g., for quantum
cryptography [29,17,30,18]), one would prefer performing
this conclusive teleportation rather than the original one
which leads to a transfer fidelity which is smaller than
one [31], and yields fidelity one only when the shared
state is maximally entangled. [The fidelity of a state ρ
relative to a pure state |ψ〉 is given by 〈ψ|ρ|ψ〉; for other
properties of the fidelity, see [32].] For instance, if Al-
ice has an unknown qubit which she wishes to teleport
to Bob, while they only share partially-entangled states,
she can first create a fully entangled state, and try to
teleport a qubit from such a pair to Bob via a conclusive
teleportation. If she fails, she can try again (using an-
other shared pair) till she succeeds. Once she succeeds
to teleport an EPR-pair member, she can teleport the
unknown qubit with fidelity one.
A further generalization is to let Bob also perform a
conclusive measurement that sometimes succeeds (this
requires, a 2-way classical communication). Surprisingly,
we shall show in Section V, that this type of teleporta-
tion can allow for a conclusive teleportation even when
the shared entangled state is mixed. The conclusive tele-
portation obtained in this case is with arbitrarily high
fidelity, but for the price of a probability of success de-
creasing to zero as the fidelity increases. We refer to
it as a quasi-conclusive teleportation. The questions of
quasi-conclusive teleportation with fixed probability of
success or with only one-way classical communication al-
lowed will be discussed elsewhere.
II. TELEPOVM
Suppose that Alice and Bob share any two-particle en-
tangled pure state in any dimension, such that the re-
duced density matrix in Bob’s hands is ρ. Then, accord-
ing to Hughston, Jozsa and Wootters [27], any measure-
ment at Alice side, performed on her part of the entan-
gled state, creates a specific ρ-ensemble in Bob’s hands.
All ρ-ensembles are indistinguishable (recall that a quan-
tum system is fully described by its density matrices)
unless there exist an additional information somewhere.
For example, in the Bennett-Brassard-84 (BB84) crypto-
graphic scheme [29] Bob receives the same density matrix
ρ whether Alice uses the rectilinear basis or the diago-
nal basis, but he receives different ρ-ensembles. He can-
not distinguish between the two ensembles and between
the states in each particular occasion, unless he receives
more information from Alice. When receiving additional
information (the basis) he is told which ρ-ensemble he
has, and (in this particular case) can find which state.
In the same sense, the EPR-scheme [17], provides a
simple example of the HJW meaning of ρ-ensembles:
when Alice chooses to measure her member of the sin-
glet state in the rectilinear basis or in the diagonal basis,
she “creates” a different ρ-ensemble in Bob’s hands, E1
or E2 respectively. Bob can distinguish the two states
to find Alice’s bit after receiving additional information
from Alice who tells him the basis (hence her choice of
a ρ-ensemble). Alice’s choice of measurement determines
the ρ-ensemble, and furthermore, her result in each oc-
casion, tells her which of the states is in Bob’s hands.
If the measurement is chosen in advance, and Alice tells
Bob the outcome of the measurement (by sending one
bit of information) he can know precisely the state of the
qubit in his hands.
The generalization done by HJW replaces the stan-
dard, projection measurement by a generalized measure-
ment [28,5,7] (POVM), so the number of results can be
larger than the dimension of the Hilbert space in Al-
ice’s site or in Bob’s site. Thus, the HJW-EPR nonlocal-
ity argument implies that the set of Bob states contains
nonorthogonal states. Furthermore, if Alice sends him an
additional information (her measurement’s result) Bob
can recognize in which of these states his particle is now.
This is a very interesting result of [27] and we now show
that teleportation provides a fascinating usage of it.
Let Alice and Bob share an EPR pair (say, the singlet
state). Consider the following POVM A:
A1 =
1
2
(
α2 βα∗
β∗α β2
)
; A2 =
1
2
(
β2 −β∗α
−βα∗ α2
)
;
3
A3 =
1
2
(
β2 β∗α
βα∗ α2
)
; A4 =
1
2
(
α2 −βα∗
−β∗α β2
)
, (6)
with complex parameters α, β, such that |α|2+ |β|2 = 1.
These matrices have positive eigenvalues and sum up to
the unit matrix therefore form a POVM. Following the
arguments of HJW, applying such a POVM to one mem-
ber of two particles in an EPR state is equivalent to a
choice of a specific ρ-ensemble combined of four possible
states; when the result of the POVM is Ai, the other
member is projected onto a state orthogonal to Ai, i.e.,
it will be in one of the states ψ1 =
(
β
−α
)
; ψ2 =
(
α
β
)
;
ψ3 =
(
α
−β
)
, and ψ4 =
(
β
α
)
respectively, and Alice will
know in which of them. Alice can send Bob two-bit in-
formation to describe the outcome of her measurement
(one of her four results), and this information actually
tells him which of those four states he got. Then Bob
can re-derive one of the states, say
(
α
β
)
, by performing
the appropriate rotation, according to the two classical
bits he is being told. The reason that exactly two bits
are required here is that the POVM has four outcomes.
It should be stressed that, for this specific POVM (6),
Bob’s recovering operations do not depend on the param-
eters α, β, so these need not be known to him.
Every POVM can be performed in the lab by perform-
ing a standard measurement on the system ρsys, plus an
ancilla [33,7] (this is a property of the POVM so it is
true independently of the state of the measured system).
One way to perform the POVM (6) is to take an ancilla
in a state φ =
(
α
β
)
, and perform the Bell measurement
(a measurement such that the outcomes are the Bell-
BMR states) on the ancilla and the system. The first
operator, A1, results from the measurement of the pro-
jection operator P1 = |Φ+〉〈Φ+| in the Hilbert-space of
Alice’s particle plus the ancilla. Applying the technique
described in [7] (Chapter 9, sect. 9.5, 9.6, about gen-
eralized measurements and Neumark’s theorem) we get
terms of A1
(A1)mn =
∑
rs
(P1)mr,ns(ρaux)sr , (7)
where ρaux is the state of the ancilla, the mn are the
indices of the particle and the sr are indices of the ancilla.
The m = 0, n = 0 case corresponds to multiplying the
upper left block of P1 by the density matrix of the ancilla,
and tracing the obtained matrix yielding:
Tr
(
1
2
0
0 0
)
rs
(
α2 β∗α
βα∗ β2
)
sr
=
1
2
β2 . (8)
The m = 1, n = 0 case (second line, first column, in A1)
results from a similar multiplication but with the lower
left block of P1. In the same way we calculated the other
elements of that operator, and the other three operators,
and we verified that the Bell measurement corresponds
to the desired POVM.
It should be stressed that Alice’s measurements do not
depend on the parameters α, β, thus these need not be
known to her. Moreover she can learn nothing about
the latter as all four results of her generalized measure-
ment corresponding to operations (6) can happen with
equal probabilities. In the case of starting with the sin-
glet state, all four Alice’s results occur with equal proba-
bilities and the initial state of Bob’s particle is the max-
imally mixed state I
2
(reduced state of a maximally en-
tangled state). Thus, it is clear that the teleportation is
equivalent to the creation of a specific ρ = I
2
ensemble
at a distance, where the specific I
2
-ensemble is E4. This
can be done even if Alice and Bob do not know the state
of the ancilla,
(
α
β
)
chosen by someone else, and this is
exactly the process of teleportation of an unknown state.
This process will also teleport a density matrix (a
mixed state) or a particle entangled with others. It
can also easily be generalized to fully entangled states
in higher (N2) dimensions discussed in [1].
III. GENERATING ρ-ENSEMBLES IN
QUANTUM KEY DISTRIBUTION
To see one application of the ideas described above,
let us view a different scenario (taken from quantum key
distribution): Suppose that Alice has in mind a set of
states and their probabilities, say, E3, which is used in
the BB84 [29] quantum key distribution scheme. This
describes a particular ρ-ensemble (the I
2
-ensemble in the
BB84 case) sent to Bob. If Alice doesn’t care which of
the states is sent in each experiment, but only that it
belongs to that set, she does not need to send the states.
Instead of sending Bob the states, she sends him a mem-
ber of some entangled state such that the reduced den-
sity matrix in Bob’s hands is ρ. Then she applies a spe-
cific POVM which creates the desired ensemble in Bob’s
hands. The relevant example is the EPR scheme [17], in
which an EPR-pair is shared by Alice and Bob. As we
have seen before, Alice creates either the I
2
-ensemble E1
or E2, when she apply a measurement in the rectilinear
or the diagonal bases respectively. However, since the
probability of each basis is 1/2, Alice’s full operation, in-
cluding the choice of the basis, can also be described by
a POVM which leads to the ensemble E3.
Let us present a less trivial example. Let the state
|χ23〉 = a|00〉+ b|11〉 (9)
(with a, b real, and a2 + b2 = 1) be prepared by Alice
and let one particle be sent from Alice to Bob. Then let
Alice measure her particle using a standard measurement
in the computation (the rectilinear) basis. As result,
the following ρ-ensemble is generated in Bob’s hands:
{ 1√
2
(
a+b
a−b
)
, 1√
2
(
a−b
a+b
)
; p1 = p2 = 1/2}. This operation pro-
duces the Bennett-92 [30] scheme for quantum key distri-
4
bution, in the same way that the EPR scheme produces
the BB84 scheme.
IV. CONCLUSIVE TELEPORTATION WITH
ANY PURE ENTANGLED STATE
We first present the use of an additional one-way classi-
cal communication to modify the teleportation process: if
Alice wishes to teleport to Bob a quantum state of which
she can make more copies (e.g., to teleport a member of
an EPR-pair) or if she wishes to teleport an arbitrary
state from a set (e.g., a BB84 state), she can improve
the teleportation process very much by using conclusive
teleportation: a teleportation process which is sometimes
successful. After performing her measurement, Alice uses
the classical channel to tell Bob if the teleportation suc-
ceeded, and he uses the received state only if the telepor-
tation succeed.
For instance, one can use conclusive teleportation to
save time or classical bits. Let Alice and Bob share a
fully entangled state, and use it to perform a conclusive
teleportation: Alice performs a measurement which dis-
tinguishes the singlet state from the other three (triplet)
states. Instead of sending 2 bits she sends Bob only one
bit telling him whether she received a singlet state or not.
Bob doesn’t need to do any operation on his particle. In
a 1
4
of the occasions she receives this result (the singlet
state), hence performs a successful teleportation. This
process makes sense when the classical bits are as expan-
sive as the shared quantum states, or when a fast telepor-
tation of arbitrary states (e.g. BB84 states) is required.
Also, it allows teleportation when Bob is technologically
limited and cannot perform the required rotations.
The process of conclusive teleportation makes more
sense when Alice and Bob share a pure entangled state
which is not fully entangled.
Let Alice and Bob share the state (9) (any pure state
can be written in that form called the Schmidt decompo-
sition [27,7]), which they use to teleport a quantum state
φ1 =
(
α
β
)
1
. Following the method of [1], the state of the
three particles is written using the Bell-BMR states as:
|Ψ123〉 = |φ1〉|χ23〉 = 1√
2
[
|Φ+12〉
(
aα
bβ
)
3
+ |Φ−12〉
(
aα
−bβ
)
3
+
|Ψ+12〉
(
aβ
bα
)
3
+ |Ψ−12〉
(−aβ
bα
)
3
]
. (10)
If Alice and Bob were to use the standard teleportation
process, a Bell measurement still creates the same POVM
as before. But, unlike the case of using a fully entangled
state, the states created in Bob’s hands depend also on
a and b, and not only on the state of the ancilla. The
fidelity is clearly less than one (e.g., if Alice received a
state Φ+ in her measurement (which happen with prob-
ability pΦ+ = (|α|2a2+ |β|2b2)/2, the fidelity |〈φ1|φout1 〉|2
of the output state is (|α|2a + |β|2b)2/(|α|2a2 + |β|2b2),
which depends on a and b, and on the teleported state.
The POVM that reproduce the four desired states can
be found. It is not performed by a Bell measurement and
will depend on the state of the ancilla which is supposed
to be unknown to both sides. So perfect teleportation
will not take place this time.
We present a different measurement which generates
the desired states in Bob’s hands with perfect fidelity.
The price we pay for the perfect state obtained, is that
the process cannot be done with 100% probability of suc-
cess, therefore it is a conclusive teleportation. To explain
how it works, let us return to the case of fully entangled
state (standard teleportation, with initial EPR-pair Φ+)
and separate the Bell measurement into two measure-
ments (one follows the other):
1. A measurement which checks whether the state is
in the subspace spanned by |00〉 and |11〉, or in the
subspace spanned by |01〉 and |10〉.
2. A measurement in the appropriate subspace (ac-
cording to the result of the previous step), which
projects the state on one of the two possible Bell
states in that subspace, Φ± and Ψ± respectively.
When |Ψ23〉 is not fully entangled we still repeat the first
step of that two-steps process. To see the outcome, note
that the state of the three particles can also be written
as
|Ψ123〉 = 1
2
[[a|00〉+ b|11〉]
(
α
β
)
3
+ [a|00〉 − b|11〉]
(
α
−β
)
3
+[b|01〉+ a|10〉]
(
β
α
)
3
+ [b|01〉 − a|10〉]
(−β
α
)
3
] . (11)
The first step projects |Ψ123〉 on either the first two pos-
sibilities or the last two with equal probabilities. In the
second step, let us assume that the result of the first step
was the subspace spanned by the states |00〉 ≡ (1
0
)
{00;11}
and |11〉 ≡ (0
1
)
{00;11}. [A similar analysis can easily be
done for the other case where the result of the first step
is the subspace spanned by the states |01〉 ≡ (1
0
)
{01;10}
and |01〉 ≡ (0
1
)
{01;10}.]
In this {00; 11} subspace, Alice now performs a sec-
ond measurement, but not in the Bell-BMR basis which
is now the states (1/
√
2)
(
1
±1
)
{00;11}, as in the ideal case.
Instead, Alice performs a POVM which conclusively dis-
tinguish the two states,
(
a
b
)
{00;11} and
(
a
−b
)
{00,11} (which
are the first two states in the above expression). Assum-
ing (without loss of generality) that a2 ≥ b2 the POVM
elements in that subspace are:
A1 =
(
b2 ba
ba a2
)
; A2 =
(
b2 −ba
−ba a2
)
;
A3 =
(
1− (b2/a2) 0
0 0
)
. (12)
5
Such a POVM can never give a wrong result, and it gives
an inconclusive result when the outcome is A3. This
POVM was found in [7,34] in the context of distinguish-
ing the two states of [30]). It is the optimal process for
obtaining a perfect conclusive outcome, and a conclusive
result is obtained with probability 1−(|a|2−|b|2). In our
case, this is the probability of a successful teleportation.
Alice tells Bob whether she succeeded in teleporting the
state by sending him one bit, and in addition to this bit,
Alice still has to send Bob the two bits for distinguishing
the four possible states (so he can perform the required
rotation). Alternatively, she can send him only one bit
telling him whether he received the state or not (as we
explained for the case of fully entangled state) loosing 3
4
of the successful teleportations.
When used for distinguishing non-orthogonal states,
this POVM allows to get the optimal deterministic in-
formation from two non-orthogonal states, although, on
average, it yields less mutual information than the op-
timal projection measurement. In the same sense, on
average, the conclusive teleportation does not yield the
optimal average fidelity, but when it is successful – the
fidelity is one.
The conclusive teleportation process proves that any
(pure) entangled state presents quantum non-locality.
This fact can also be seen using the filtering method [35]
when applied to pure states.
V. ARBITRARY GOOD CONCLUSIVE BILOCAL
TELEPORTATION VIA MIXED STATES
In a perfect conclusive teleportation Alice performs a
teleportation process which is sometime successful, and
when it is successful, the fidelity of the teleported state
is one. In an imperfect conclusive teleportation, Alice
performs a teleportation process which is sometime suc-
cessful, and when it is successful, the fidelity of the tele-
ported state is less than one but better than could be
achieved with a standard teleportation.
The original idea of teleportation involves only one way
classical communication from Alice to Bob. We shall now
extend 1 it, allowing Bob to call Alice as well so that bilo-
cal protocol is used. Note that here we do not consider
the most general bilocal protocol (the so called ping-pong
protocol) but only allow Bob and Alice to operate inde-
pendently of the operation of the other. A ping-pong
protocol could improve the probability of successful pro-
jection (e.g., increase the p′(p) described below), by al-
lowing several “paths” of successful distillation depend-
1The most general teleportation channel involving all lo-
cal quantum operations plus 2-way classical communication
(LQCC) protocols was introduced in Ref. [36].
ing on the outcomes of the measurements in each step
of the protocol. The communication (in our example) is
just used to verify that the state was teleported. This
generalization of teleportation makes sense, as in many
cases the classical communication is treated as a free re-
source.
We have shown previously that a perfectly reliable con-
clusive teleportation can be achieved when pure entan-
gled states are shared. We now show that it is pos-
sible to perform arbitrary good bilocal conclusive tele-
portation when certain mixed states are used (however,
see the remark in the acknowledgements). The arbitrar-
ily good conclusive teleportation (which we call “quasi-
conclusive teleportation”) is not described by a particu-
lar POVM, A = {A1, . . . Am}, but by a series of POVMs
An = {A1(n), . . . Am(n)}, where n is the index of this
series. For any ǫ we can find n such that the POVM An
yields fidelity better than 1−ǫ for teleportation. Yet, per-
fect fidelity cannot be achieved since the probability of
success goes also to zero when ǫ goes to zero. Thus, we
show that quasi-conclusive teleportation is successfully
done via mixed states!
We first purify the mixed state, and then use it for
teleportation.
Consider the state
̺p = p|Ψ−〉〈Ψ−|+ (1− p)|00〉〈00| , 0 < p < 1 (13)
which is a mixture of a singlet (with probability p) and a
|00〉 state (with probability 1 − p). Let the bilocal Alice
and Bob action be described in the following way:
̺p → ̺′ ≡ V1 ⊗W1(̺)V
†
1 ⊗W †1
Tr(V1 ⊗W1(̺)V †1 ⊗W †1 )
. (14)
It can be realized by performing generalized measure-
ments by Alice and Bob independently, i.e., Alice per-
forms the measurement defined by the pair of opera-
tors {V1, V2 ≡
√
I − V1V †1 }, and Bob performs the mea-
surement defined by the pair of operators {W1,W2 ≡√
I −W1W †1 }. [Alice’s POVM is the set A = {A1 =
V †1 V1, A2 = V
†
2 V2}, and Bob’s POVM is the set B =
{B1 = W †1W1, B2 = W †2W2}.] When the outcomes of
both Alice and Bob is 1, which correspond to the first
operator in each lab (V1 and W1 respectively) the above
transformation is successfully done.
After getting the results of their measurements Alice
and Bob communicate via phone to keep only those par-
ticles for which both results correspond to the successful
case. To show that quasi conclusive teleportation can be
performed, we define the sequence of POVM operators
(in basis {|0〉|1〉}:
V1(n) =
(
(1/n) 0
0 1
)
;W1(n) =
(
(1/n) 0
0 1
)
. (15)
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After the action of the corresponding POVM the new
state is ̺′ = ̺p′ ≡ p′|Ψ−〉〈Ψ−| + (1 − p′)|00〉〈00| with
the parameter p′ depending on the input parameter p as
follows
p′(p) =
1
1 + 1−pnp
. (16)
The probability of successful transition from ̺p to ̺p′ is
Pp→p′ =
1
n2
[1 + (n− 1)p] . (17)
Thus one can produce the state which has arbitrary
good singlet fraction (a fidelity with a singlet) F (̺p) =
〈Ψ−12|̺pΨ−12〉), which obviously allows for arbitrary good
conclusive teleportation. The key point is that the prob-
ability of successful teleportation decreases to zero with
fidelity of teleportation (or equivalently singlet fraction)
going to unity. But it is nonzero for any required fidelity
arbitrary close to perfect one.
One natural question is whether it is possible to make
teleportation arbitrary good via other mixed states. In
general the answer is negative. In the case of Werner
states (states in which a fully entangled state is mixed
with the completely mixed state), for instance, this is a
consequence of the fact that arbitrary good conclusive
distillation is impossible [37]. In fact for those states
the entanglement fidelity cannot be increased. Its best
value Fmax is the initial (before the conclusive process)
value F0. Thus, following [36], the maximal teleportation
fidelity is equal to 2F0+1
3
and is less than 1 apart from
the trivial case where the initial state is fully entangled.
Another interesting question is whether it is possible to
perform quasi-conclusive teleportation via mixed states
with only one way classical communication.
This represents a more complicated issue which re-
quires a more complicated technical analysis, and will
be analyzed elsewhere.
VI. SUMMARY
In this paper we presented a new way of viewing the
teleportation of an unknown quantum state. We showed
that teleportation is a special and particular case of gen-
erating ρ-ensembles at a distance, hence, a special case
of generalized EPR nonlocality (the HJW-EPR nonlocal-
ity). We believe that this view of teleportation reduces
some of the mystery of that process, and in particular,
explains why two classical bits can be sufficient for the
teleportation of a qubit. This work also showed the use-
fulness of the HJW generalized EPR nonlocality, and
their understanding that any ρ-ensemble can be gener-
ated nonlocally.
We feel that understanding the connection between
these two important forms of nonlocality improves much
the understanding of entanglement.
Based on the connection between teleportation and
generalized measurements, we presented the process of
conclusive teleportation, a teleportation which is some-
time successful. We showed that any pure entangled state
can be used to perform conclusive teleportation with fi-
delity one, and more surprising, certain mixed states can
also be used to achieve conclusive teleportation with fi-
delity as close to one as we like.
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